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Abstract
We relate two abstract notions of bisimulation, induced by open maps and by coalgebra
morphisms, respectively. We show that open maps correspond to coalgebra morphisms for a
suitable chosen endofunctor in a category of many sorted sets. This demonstrates that the notion
of open-maps bisimilarity is of essentially coalgebraic nature. A central role in our development
is played by a category of presheaves, which we show as corresponding to the subcategory
of consistent coalgebras with lax cohomomorphisms. c© 2002 Elsevier Science B.V. All rights
reserved.
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1. Introduction
We investigate two di1erent ways of generalizing the standard notion of bisimu-
lation [13, 14]. First of them is a categorical formulation of bisimulation by means
of open maps (open morphisms) [7, 8], enabling a uniform de8nition of bisimulation
equivalence across a range of di1erent models for parallel computations. This setting
turned out to be appropriate for de8ning, among others, strong and weak bisimilarity
[13], trace equivalence, testing equivalence and strong history preserving bisimulation
of event structures (see [3, 8] for an overview). Moreover, in [9] it was shown that
the observational equivalence of algebraic abstract data types can also be captured in
this framework. Open maps, in general, constitute a subclass of morphisms satisfying
certain computation-lifting property [8], where a notion of computation is formalized
as a morphism from any object in the distinguished subcategory of paths. Two ob-
jects A and B in a category are bisimilar if they are related by a span of open maps,
representing abstractly a bisimulation.
An alternative direction of abstraction, aiming at a generalization of bisimulation, is
to turn to a category of coalgebras [5, 15, 16], induced by an endofunctor on an arbitrary
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category. Coalgebra morphisms can be understood then as functional bisimulations,
while their spans (again) give an abstract notion of a bisimulation. This can be done
for di1erent endofunctors, and a relevant special case is the category of transition
systems with zig-zag morphisms, equivalent to the category of coalgebras induced by
the powerset functor.
A basic motivation for our work was to clarify relationships between both approaches
considered distinct (at least technically) and not shown explicitly to be comparable so
far. Since the central notion of bisimulation is captured in both cases by spans of
appropriate morphisms, the crucial issue is to relate open maps and coalgebra mor-
phisms. To this aim, we de8ne an embedding of any category with a 8xed class of
open maps in an appropriate category of coalgebras with the so-called lax cohomomor-
phisms [4]. A relevant observation is that under this embedding open maps correspond
to coalgebra morphisms. We also demonstrate that a relation-based generalization of
bisimulation related to open maps, called path bisimulation in [8], is an instance of
coalgebra bisimulation. These results indicate that the coalgebraic treatment of bisim-
ulation is the most basic one, subsuming even as abstract setting as open maps.
A crucial role in our development is played by categories of presheaves over a path
subcategory, studied recently intensively in the context of open maps, e.g. in [2]. On
the one side, presheaves provide a uniform and simple model for concurrent systems
in which open-map bisimilarity arises in a particularly natural way. On the other side,
we show that the category of presheaves is isomorphic to some subcategory of well-
behaved coalgebras (called consistent coalgebras here). This provides the motivation
for a wider research in applying presheaves as a model of computation, since they
seem to be a central and fundamental construction especially well suited for studying
generalized bisimulations.
In general, the category of presheaves has more objects than concrete models, like
transition systems or event structures. Therefore an interesting question arises, which
presheaves correspond to concrete models in each case. For strong bisimilarity of
labelled transition systems this question was answered already in [8], while, e.g. a
convenient and simple characterization of presheaves corresponding to event structures
was proposed only recently in [17]. As a natural consecutive step in such a program,
we obtained characterizations of presheaves corresponding to standard and partial alge-
bras – these results are to be reported elsewhere. A preliminary version of this paper
appeared as [10].
2. Bisimulation by open maps
Let M be a category of models of computation, in which we choose a (not necessar-
ily full) path subcategory P. Any morphism  : P → A from a path object P ∈ |P| is
understood as an observable computation in A following path P. A morphism h : A→ B
between models can be intuitively thought of as a simulation of A in B, since h trans-
forms every computation  : P → A in A to a computation ; h in B. Moreover, for
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any morphism m : P → Q in P, a commuting triangle =m; ′ can be understood as
an extension of  to a “longer” computation ′ : Q → A (via m).
Denition 2.1 (Open maps, Joyal et al. [8]). A morphism h : A→ B in M is P-open
if for any m : P → Q in P and two computations  : P → A,  : Q → B inM, whenever
the square
commutes, i.e. ; h=m; , there exists a diagonal morphism 	 : Q → A in M making
two induced triangles commutative, i.e. =m; 	 and = 	; h. Two objects A and B are
P-bisimilar, denoted by A∼P B, if they are related by a pair of P-open maps in M:
with a common domain C (a span of P-open maps).
We omit the pre8x P – when it is obvious from a context. The notion of
P-bisimilarity generalizes, e.g. strong bisimilarity of labelled transition systems, which
was shown in [8] to coincide with the bisimilarity induced by the full subcategory
BranL of transition systems consisting of 8nite sequences of actions:
i a1→ s1 a2→· · · an→ sn: (1)
This was done in the category TSL, whose objects are labelled transition systems (over
a 8xed set of labels L) with one distinguished initial state, and morphisms are those
transition-preserving functions from states to states which map an initial state to an
initial one. The BranL-open morphisms f of transition systems are characterized by
the following zig-zag property: whenever f(s) a→ s′, for a reachable state s, there exists
a state r such that s a→ r and f(r) = s′.
3. Coalgebraic characterization of open maps
Consider any locally small category M together with an arbitrary small path subcat-
egory P. We will de8ne an embedding of M into the category of coalgebras of some
endofunctor on the category Set|P| of |P|-sorted sets (|P|-indexed sets), where |P| is
the set of objects of P. This endofunctor, called FP in the sequel as it is determined
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by P, is de8ned by the following rule:
{XP}P∈|P| →
{ ∏
Q∈|P|
P(XQ)HomP(P;Q)
}
P∈|P|
;
where P( ) denotes the powerset, XP , for P ∈ |P|, denotes a component of a
|P|-sorted set X , and HomP(P;Q) stands for the set of all morphisms from P to Q
in P. Intuitively, this functor resembles P( )L, for a set L of labels, with a di1erence
that the set of states of an FP-coalgebra is indexed by objects of P and transitions are
labelled by appropriate morphisms of P. On morphisms, FP is de8ned as usual:
FP : ({fP}P∈|P| : X → Y ) →
{ ∏
Q∈|P|
hPQ
}
P∈|P|
;
where hPQ :P(XQ)
HomP(P;Q) → P(YQ)HomP(P;Q) : g → (m{fQ(x) : x ∈ g(m)}).
Let CoalgP denote the category of FP-coalgebras, i.e. pairs 〈S; t〉 with S an object
in Set|P| and t : S → FP(S) a morphism in Set|P| , together with coalgebra morphisms
from 〈S; t〉 to 〈S ′; t′〉 being those P-sorted functions f : S → S ′ that satisfy the usual
“cohomomorphism” condition, i.e. make the following square commutative:
Since we are in the category of |P|-sorted sets, a coalgebra structure t : S → FP(S)
on a set S consists of a family of functions{
tP : SP →
∏
Q∈|P|
P(SQ)HomP(P;Q)
}
P∈|P|
:
Moreover, any element x of
∏
Q∈|P| P(SQ)
HomP(P;Q) is also a |P|-sorted function
x = {xQ : HomP(P;Q) → P(SQ)}Q∈|P|:
For convenience, in the following we feel free to omit the subscript and write x(m)
for a morphism m : P → Q in P instead of xQ(m); this is justi8ed by the canonical
bijection:∏
Q∈|P|
P(SQ)HomP(P;Q) ∼=
∏
m∈unionmultiQ∈|P|HomP(P;Q)
P(Scodomain(m)): (2)
For a coalgebra 〈S; t : S → FP(S)〉, a triple 〈; m; 〉, where ∈ SP , ∈ SQ and m : P → Q
in P, satisfying ∈ tP()(m) will be called a transition and denoted by  m→ .
Turning back to the category M, each of its objects determines an FP-coalgebra by
taking as states all its computations and as transitions all commuting triangles induced
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by a pair of computations. Formally, for X in M, the corresponding FP-coalgebra has
a carrier {HomM(P; X )}P∈|P| and transitions
(3)
To extend this mapping to morphisms, we should relax the requirement on coal-
gebra morphisms. Following [4], a |P|-sorted function f : S → S ′ between carriers
of coalgebras C = 〈S; t〉 and C′ = 〈S ′; t′〉 is called a lax cohomomorphism from C to
C′ if for each m : P → Q in P and s∈ SP ,
{fQ(r) : r ∈ tP(s)(m)}⊆ t′P(fP(s))(m):
Coalgebras together with their lax cohomomorphisms form a category CoalglaxP , having
CoalgP as a strict subcategory (CoalgP contains those lax cohomomorphisms for which
the inclusion above can be replaced by equality). Lax cohomomorphisms are like the
usual morphisms of transition systems, i.e., transition preserving |P|-sorted functions:
Proposition 3.1. For any coalgebras C = 〈S; t〉 and C′ = 〈S ′; t′〉; a P-sorted function
f : S → S ′ is a lax cohomomorphism C→C′ i6 for each transition  m→  in C; there
is a transition fP()
m→ fQ() in C′.
Moreover, according to the terminology from [4], the lax cohomomorphisms are
induced by FP endowed with a family of pre-orders X;Y ⊆HomSet|P| (X; FP(Y ))×
HomSet|P| (X; FP(Y )) de8ned by
f  g⇔fP(x)(m)⊆ gP(x)(m) for each m : P → Q in P and x ∈ XP:
Now we are ready to introduce a functor BehMP :M→ CoalglaxP , acting on an object
as explained in (3) and on a morphism by postcomposing it with computations: for
f : X → Y in M,
BehMP (f)P : HomM(P; X ) → HomM(P; Y ) :  → (;f):
A lax cohomomorphism yielded by BehMP is not a coalgebra morphism in general. As
the name BehMP suggests, an object of M is mapped to a coalgebra representing its
whole observable behaviour, expressed in terms of computations and path morphisms.
This functor will allow us to relate P-bisimilarity of objects of M with coalgebraic
bisimilarity in CoalgP. While spans of (P-)open maps represent abstractly bisimula-
tions in the category M, for coalgebras the same role is played by spans of coalgebra
morphisms. It turns out that open maps in M correspond via BehMP precisely to coal-
gebra morphisms:
Proposition 3.2. A morphism f : X → Y in M is P-open i6 BehMP (f) is a coalgebra
morphism.
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Proof. First, notice that coalgebra morphisms h : 〈S; t〉 → 〈S ′; t′〉 are those lax cohomo-
morphisms which satisfy the following zig-zag condition (analogously to the zig-zag
morphisms of transition systems): for each m : P → Q in P and ∈ SP , whenever
hP()
m→  in 〈S ′; t′〉 for some ∈ S ′Q, there is some 	∈ SQ such that  m→ 	 in 〈S; t〉
and hQ(	) = . Now, recalling the de8nition of Beh
M
P on objects (see (3)) and mor-
phisms, the zig-zag condition for BehMP (f) can be spelled out equivalently: for each
m : P → Q in P and  : P → X in M, whenever the following diagram commutes:
for some  : Q → Y in M, there exists some 	 : Q → X making the following triangles
commute:
This is obviously equivalent to P-openness of f.
A very general and intuitive conclusion from the above fact is that spans of open
maps, intended to represent very abstractly and uniformly bisimulations for di1erent
models of computation, are essentially spans of coalgebra morphisms. This justi8es the
opinion that coalgebraic bisimulation captures not only the essence of this notion, but
is also widely applicable to many di1erent models. We will expand this further while
studying examples in the following sections.
Not all coalgebras are in the image of the functor. Those which are well behaved
in a sense that they are consistent with composition of path morphisms:
Denition 3.3. A FP-coalgebra 〈S; t〉 is consistent if
1.  idP→ , for each P ∈ |P| and ∈ SP ,
2. whenever  m→  and  n→ 	, there is a compose transition  m;n→ 	 in 〈S; t〉,
3. for each ∈ SQ and m : P → Q in P, there is exactly one ∈ SP with  m→ .
A coalgebra satisfying only (3) will be called reachable in the sequel.
One easily recognizes among the requirements for consistent coalgebras some cate-
gorical aspects, like the existence of identities or de8nedness of composition. It turns
out that the consistent coalgebra BehMP (X ), for an object X in M, is another way of
looking at the small category of P-computations of X , denoted below by
∫M
P X . Its
objects are all pairs (P; ), where P is an object of P and  : P → X in M. Its mor-
phisms (P; )→ (Q; ) are those morphisms m : P → Q from P for which =m; .
S. Lasota / Theoretical Computer Science 280 (2002) 123–135 129
(This category can be equivalently de8ned as the comma category of the inclusion
P ,→M and the constant functor 1 →X : 1→M.) States of the coalgebra BehMP (X )
are precisely objects of
∫M
P X , while its transitions are labelled by morphisms.
4. Examples
To illustrate de8nitions from the previous section, let us consider the category TSL,
introduced in Section 2; its objects are transition systems (with initial states) labelled
by a 8xed set L of labels; its morphisms are functions which preserve transitions
and initial state. Recall that a path subcategory appropriate for a strong bisimilarity
is the full subcategory BranL of 8nite sequences of transitions. Despite the fact that
BranL is not small, as required in the previous section, it is essentially small, and we
implicitly assume working with some of its skeleton. This means that a set of states of a
FBranL-coalgebra is essentially indexed by the set L
∗ of all 8nite sequences of labels,
and transitions are labelled by all pre8x-embeddings. Moreover, the functor BehTSLBranL
takes a transition system T to a coalgebra representing its unfolding (a synchronization
tree), with states corresponding to 8nite sequences of actions in T starting in the initial
state.
What changes when we move to the category TS0L of transition systems without dis-
tinguished initial states? This category (whose morphisms are all transition-preserving
mappings from states to states) is isomorphic to the category of the coalgebras for
a powerset functor P( )L together with lax cohomomorphisms (for the canonical or-
der endowment of the powerset endofunctor, cf. [4]). Let us 8nd out how TS0L 8ts
into our framework, inducing as open maps precisely. The P( )L-coalgebra morphisms
are all functions h : S → S ′ satisfying the following zig-zag property 2 : for any s∈ S,
whenever h(s) a→ s′, then s a→ r, for some r ∈ S satisfying h(r) = s′. As a path sub-
category suitable for them it suLces to take SingleL, the category having as objects
a (unique up to isomorphism) one-state transition system with no transitions and all
single-transition systems (i.e. those with two states related by one transition); the only
morphisms of SingleL, besides the identities, are functions fa, a∈L, mapping a one-
state system to the starting state of a single transition (labelled by a):
2 This is slightly di1erent from the analogous property characterizing BranL-open morphisms between
transition systems with initial states, where a zig-zag condition is only required for reachable states s.
130 S. Lasota / Theoretical Computer Science 280 (2002) 123–135
Now, consider the category of coalgebras for the endofunctor FSingleL on Set
L∪{∗}
(the indexing set L∪{∗} corresponds to objects of SingleL, with ∗ representing the
one-state system). The carrier set of a FSingleL -coalgebra 〈S; t〉 corresponding to a tran-
sition system T contains the set of its states (S∗) and for each a∈L, the set of a-
transitions (Sa) in T . Moreover, S∗  s fa→ 〈s; a; s′〉 ∈ Sa i1 〈s; a; s′〉 is a transition in T .
Reachability amounts in this case to the requirement that each transition has precisely
one starting state. We have that P( )L-coalgebra morphisms coincide with SingleL-open
maps, and thus correspond (via BehTS
0
L
SingleL
) precisely to FSingleL -coalgebra morphisms.
But in contrast to P( )L-coalgebras, FSingleL -coalgebras have no explicit information
about a 8nal state of a transition – this would require introducing into SingleL extra
morphisms, mapping the one-state system to the 8nal state of a single transition. But
this would change the class of induced open maps and we would lose the above-
mentioned correspondence.
5. Presheaves as coalgebras
Category of presheaves, i.e. set-valued functors was proposed as a general and
uniform model for concurrency [8, 2]. For an arbitrary category P, category Pˆ of
presheaves consists of all contravariant functors Pop →Set, together with natural trans-
formations as morphisms between them.
It is suitable to consider presheaves over Pop, for subcategory P of paths. For
example, category [BranL corresponds to synchronization forests, i.e. collections of syn-
chronization trees (unfoldings of transition systems) (cf. [8]). A presheaf F over Pop
is a particularly simple model of behaviour (w.r.t. P), since its value F(P) on P, an
object from P, corresponds bijectively, by Yoneda Lemma, to the set of computations
P→F (we treat here P as a subcategory of Pˆ, as it embeds fully and faithfully into Pˆ
via Yoneda embedding). Moreover, F(m), for a morphism m : P → Q in P, describes
how “longer” computations from Q restrict uniquely to “shorter” ones (via m). This
demonstrates uniformity and simplicity of presheaf models, consisting (up to natural
bijection) exclusively of their own computations. Yoneda Lemma gives also a nice
characterization of open morphisms in Pˆ [7]: a natural transformation f : F ⇒ G is
open i1 all naturality squares
are weak pullbacks in Set.
For any category M and a path subcategory P, we can consider a canonical functor
YMP :M→ Pˆ, mapping X to the contravariant hom-functor HomM( ; X ) : Pop → Set.
S. Lasota / Theoretical Computer Science 280 (2002) 123–135 131
For transition systems we have a pleasing situation: the subcategory of synchroniza-
tion trees is equivalent, via such a canonical functor, to the subcategory of rooted
presheaves, i.e., those assigned to the initial object in BranL (or generally in P), a
singleton set.
From now on, we consider presheaves over Pop, for an arbitrary 8xed small category
P. The behaviour functor BehPˆP maps presheaves to consistent coalgebras; moreover,
we prove that every consistent coalgebra corresponds to some presheaf. This could be
expected, since the consistency condition in De8nition 3.3 guarantees in fact a kind of
“functorial” properties of transitions, e.g. preservation of composition (2) and identities
(1).
Proposition 5.1. Category Pˆ is equivalent via BehPˆP to the full subcategory of consis-
tent FP-coalgebras with lax cohomomorphisms; with the inverse functor Inv given by
Inv(〈S; t〉)(P) = SP;
Inv(〈S; t〉)(m:P → Q)( ∈ SQ) =  ∈ SP when  ∈ tP()(m);
Inv(f: 〈S; t〉 → 〈S ′; t′〉) = f:Inv(〈S; t〉) → Inv(〈S ′; t′〉):
Proof. The action of Inv(〈S; t〉) on morphisms is determined uniquely due to condition
(3) in De8nition 3.3. Moreover, Inv always yields a functor, i.e. Inv(〈S; t〉) preserves
the composition and the identities, which is guaranteed by conditions (2) and (1),
respectively. Both compositions of BehPˆP and Inv result in identities, since they change
neither carriers of objects nor morphisms and their only relevant action is to recode
an internal structure (a behaviour) of an object in one of two ways:
• for a presheaf F , a functional restriction of a “longer” computation Q→F (which
is in F(Q) by Yoneda Lemma) via m : P → Q to a “shorter” computation P→F ,
represented by F(m) : F(Q) → F(P),
• for a coalgebra 〈S; t〉, the set of all extensions of a shorter computation to a longer
one via m : P → Q, represented by a coalgebra structure t.
Concerning morphisms, by Proposition 3.1 it follows that the naturality condition for a
|P|-sorted function between two presheaves is equivalent to the lax cohomomorphism
condition w.r.t. the corresponding coalgebra structures.
This proposition indicates that consistent FP-coalgebras with lax cohomomorphisms
are just another formulation of the category Pˆ. Moreover, by Proposition 3.2, the
condition on a P-sorted function to be a coalgebra morphism is equivalent to P-
openness of this function (treated as a natural transformation) in Pˆ. Presheaves seem
to be better suited since we do not need to impose any consistency requirements on
them. On the other hand, the notion of bisimulation (and bisimilarity) for coalgebras
arises more naturally with coalgebra morphisms, and we avoid formulating any explicit
condition on morphisms to represent a bisimulation, like the property of openness.
Common for both approaches is that we start by choosing a path category P, which
stands for all possible observations to be performed on objects.
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The isomorphism agrees with functors YMP and Beh
M
P , i.e., Y
M
P ;Beh
Pˆ
P=Beh
M
P :
From this it follows that for any morphism f in M,
f is P-open in M ⇔ YMP (f) is open in Pˆ: (4)
This coincidence was observed already in [8] in the case when P is a full and dense
subcategory of M – as we see here, this assumption is not necessary.
Our coalgebraic characterization of presheaves with open morphisms is in contrast
with a standard result (cf. for instance [12]), stating that the category of presheaves
over Pop (with all natural transformations) is equivalent to the category of coalgebras
of the comonad in Set|P| de8ned by the rule
{XP}P∈|P| →
{ ∏
Q∈|P|
XHomP(Q;P)Q
}
P∈|P|
∼=
{ ∏
m∈unionmultiQ∈|P|HomP(Q;P)
Xcodomain(m)
}
P∈|P|
(compare this with (2) in Section 3: HomP(P;Q) is replaced here by HomP(Q; P)).
Equivalently, presheaves can be presented as algebras of the monad de8ned by a dual
construction:
{XP}P∈|P| →
{ ∐
Q∈|P|
XHomP(P;Q)Q
}
P∈|P|
∼=
{ ∐
m∈unionmultiQ∈|P|HomP(P;Q)
Xcodomain(m)
}
P∈|P|
:
This time the original direction of arrows is restored (HomP(P;Q)), but the product is
replaced by coproduct.
These two (co)algebraic presentations of presheaves seem to be more elegant, since
they do not require imposing any additional conditions, like our consistency condition.
On the other hand, their serious disadvantage is that (co)algebra morphisms correspond
to all morphisms of presheaves, not only to those which are open. Our approach is
better suited for behavioural semantics, since it relates directly open maps and coalgebra
morphisms.
6. Bisimulations
As usual in theory of coalgebras, by a bisimulation we mean a relation represented by
a span of coalgebra morphisms [16]. For FP, bisimulations have an explicit formulation,
in analogy to the strong bisimulations of transition systems:
Denition 6.1. A bisimulation between two coalgebras C = 〈S; t〉 and C′ = 〈S ′; t′〉 is
any P-sorted relation R= {RP}P∈|P| ⊆ S × S ′ such that, if (; )∈RP and m : P → Q
in P, then
• whenever  m→ ′ in C, there exists some ′ ∈ S ′ with  m→ ′ in C′ and (′; ′)
∈RQ,
• whenever  m→ ′ in C′, there exists some ′ ∈ S with  m→ ′ in C and (′; ′)
∈RQ.
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One can easily see that each bisimulation, being a |P|-sorted set, has a coalge-
bra structure (transitions are all (; ) m→ (′; ′) with m : P → Q, when (; )∈RP ,
(′; ′)∈RQ,  m→ ′ and  m→ ′) and together with two projections forms a span
of coalgebra maps. We call a bisimulation R consistent whenever this coalgebra
is so.
In [8] a generalization of bisimulation was studied for an arbitrary category M
(with a path subcategory P), called there as a path bisimulation. Similarly as there,
we assume in this section that P and M have a common initial object.
Denition 6.2 (Joyal et al. [8]). A path bisimulation w.r.t. P between two objects
X; Y in M is a (|P|-sorted) set R of pairs of computations in X and Y , respectively,
with a common domain, such that
• R contains the pair of unique computations 'X , 'Y from the initial object,
• for (; )∈R and a morphism m in P,
◦ if =m; ′, there exists some ′ satisfying =m; ′ and (′; ′)∈R,
◦ if =m; ′, there exists some ′ satisfying =m; ′ and (′; ′)∈R.
Intending to clarify a relationship between a path bisimulation and its coalgebraic
counterpart, we derive the following equivalence:
Proposition 6.3. For any two objects X; Y in M; a ( |P|-sorted) relation R contain-
ing the pair ('X ; 'Y ) is a path bisimulation between X and Y i6 it is a coalgebraic
bisimulation between BehMP (X ) and Beh
M
P (Y ).
Since a path bisimulation is in general too weak to force the existence of a span of
open maps, in [8] some strengthening of path bisimulation was proposed – it is called
strong if it further satis8es:
• whenever (; )∈R, with  : Q → X ,  : Q → Y and m : P → Q in P, then (m; ;
m; )∈R.
Proposition 6.4. A path bisimulation is strong i6 it is consistent.
In other words, strong path bisimulations are precisely those path bisimulations
which, equipped with a coalgebra structure and seen as a coalgebra, correspond to
a presheaf.
Equivalently, one could only require reachability in Proposition 6.4 instead of con-
sistency, since the other two conditions from De8nition 3.3 follow.
As a corollary, the following statements are equivalent:
• X and Y in M are strong path bisimilar,
• BehMP (X ) and BehMP (Y ) are related by a non-empty consistent bisimulation,
• YMP (X ) and YMP (X ) are related by a span of open maps in the category of non-
empty (or rooted) presheaves.
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For M being the category of non-empty (or rooted) presheaves, we conclude by
Propositions 6.4 and 5.1 that strong path bisimilarity and open-map bisimilarity co-
incide – a fact proved already in [8]. It is also the case in many concrete models, like
event structures or transition systems, but not in general.
7. Conclusions and future research
We stated a relationship between bisimulations de8ned by open-maps and by coalge-
bra morphisms. A central role in our development is played by categories of presheaves,
being at an intermediate position and linking both approaches: they are uniform mod-
els to study open maps as well as they correspond to consistent coalgebras, with open
maps corresponding precisely to coalgebra morphisms.
By Proposition 3.2, spans of P-open maps in M are mapped to spans of coalgebra
morphisms, in the image subcategory BehMP (M), they being usually a proper subcat-
egory of CoalglaxP . To be able to relate both bisimilarities, it is an important issue to
characterize this image subcategory, or equivalently to 8nd a necessary and suLcient
condition on a consistent coalgebra (or a presheaf) to correspond to some object from
M. Such characterizations exist for transition systems [8] and event structures [17]. We
have found analogous characterizations for standard and partial algebras, to be reported
in a separate paper. These results are in close analogy to Lawvere’s functorial presen-
tation of models of algebraic theories [11] and to a representation theorem for locally
8nitely presentable categories [1]. An interesting question is whether there exists any
general characterization of a subcategory of presheaves Pˆ meaningful as a model of
computation, for a suitably chosen path category P.
Another direction of further research is motivated by the following intuition about
a behaviour–realization relationship. For an arbitrary cocomplete M and a small path
subcategory P, consider a category
∫ Pˆ
P F of computations of a presheaf F (it is also
called category of elements of F). F induces an object in M, as a colimit of the
diagram given by the projection functor PF , taking (P; ) to P:
RMP (F) = colim
((∫ Pˆ
P
F
)
)F→P ,→M
)
: (5)
RMP (F) can be intuitively understood as a reconstruction of an object from a behaviour
F . By universal properties of colimits, this construction can be extended to a functor
RMP : Pˆ→M (cf. [12], I.5); moreover, the functors RMP and YMP form an adjunction
with the right adjoint giving a behaviour of an object from M while the left adjoint
returning a canonical realization of a behaviour. It is desirable to investigate more
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closely some concrete examples of this general situation as well as to compare it to
other adjunction-based approaches investigating a relationship between behaviour and
its implementation, for instance to [6].
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